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1. Let X = C'a,b], the space of all continuously differentiable functions on
[a,b]. For each f € X, let

1A= 11 oo + 11 Mo

£l = 1F (@) + 1o,

where f’ is the derivative of f. Show that X is a Banach space with either
of the norms. Show also that, for all f € X,

LA < A< (0= a+ D flh,
the constant b — a + 1 being the best possible. [15]
2. Prove that

Tim Jlo], = 1ol

for all z € K™. [10]

3. Let X and Y be normed linear spaces such that X # {0}. If B(X,Y) is a
Banach space, prove that Y is a Banach space. [10]

4. Is I* reflexive? Justify your answer. [15]

5. Let X be a normed linear space over C and f : C — X be such that go f
is bounded and analytic on C for every g € X*. Show that f is a constant
function on C. 7]

6. State and prove Riesz representation theorem (for functionals on Hilbert
spaces). 8]
7. Are the Riesz representation theorem and projection theorem valid in gen-

eral inner product spaces? Justify your answer. [8+7]

8. Let T' € B(H), where H is a Hilbert space. Show that 7' is unitary if
and only if it maps every total orthonormal set {u; : ¢ € A} onto a total
orthonormal set {T'(w;) : i € A}. [10]

9. Let H be a Hilbert space of dimension at least two. Show that there exists
a bounded linear operator on H that is not normal. [10]



